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ABSTRACT: In [3] we proved that the growth rate of all the spherical Artin monoids is less than 4. In [11] we gave an algorithm

to find the Hilbert series of the braid monoids MB, ; and found the Hilbert series and the growth rate of MB, and MB,, in

particular. In [12] we gave the Hilbert series and the growth rates of MB. and MBy . In this paper we compute the Hilbert

series and the growth rate of MB, .
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1LINTRODUCTION
The braid group B,,, admits the following classical
presentation given by Artin: [2]

XX =X % if Ji—j| =2 Elements
B = X, X0 X, - . . .

Xisg Xi Xisg = X Xy X 1IF 1<i<n-1
of B,, are words expressed in the generators

X1y X5,..., X, and their inverses. The braid monoid MB ,
has the similar presentation

vy, =y v if li-jl 22 Garside

ma =\ oYz Yo Yia Vi Yia = Yi Via Vi if 1<i<n-1 .

[9] proved that the map w . MB_, —>B_, given by

w(Y;) = X;is injective. The elements of MB, ., are called

positive braids.

In 1972, P. Deligne [8] proved that the Hilbert series (will be
defined later) of all the Artin monoids are rational functions.
In 1992, P. Xu [13] found the Hilbert series of the braid

monoids MB, and MB, and she also proved that the
Hilbert series of MB, , is a rational function. She developed

a linear system for MB ., of size n! and she succeeded to

n-1
reduce itto 2" +2'2) —2 equations.
In 2003, Bokut [bok] gave the non-commutative Grdbner

bases or complete presentation of the braid monoid MB

(with the length-lexicographic order induced by X; <--- < X_
) and proved:

Theorem 1 [5]. A complete presentation (Grobner bases) of
MB,_ ., consists of the following relations:

(@) xsx), = xx5,8 — k = 2,

(i) Xip1 %@l — L)X 1% oo Xp = XX (i —
LDx; . 2B ), 1si<n—-1,1<j<n+1

(For notations see Section sec 2.) In [11] we slightly modified
the complete presentation of MB_, (given by Bokut) to

make it reduced (i.e., all the relations do not contain reducible
words) for the purpose of computation of Hilbert series. Using
the reduced complete presentation (non-commutative Grébner

bases) of MB,  , we found another system of equations to

compute the Hilbert series. We constructed a linear system of
equations for reducible as well as for irreducible words. The

size of the system is  N? +2n—3  which is much smaller

than the size 2" + 2[%1] —2 of Xu's system for N >7.
Using this system we gave an algorithm to compute
inductively the Hilbert series of MB,_ ;.

Definition 1 [1]. Let G be a finitely generated group and
S be a finite set of generators of G . The word length
I (g) of an element g €G is the smallest integer N for

which  there exist Sl,...,SneSuS’l such  that

g=5"S,.
Definition 2 [1]. Let G be a finitely generated group and

S be a finite set of generators of G . The growth function of
the pair (G, S) associates to an integer kK >0 the number

a(k) of elements g €G such that I5(g) =K and the
corresponding spherical growth series or the Hilbert series is

givenby P, (t) = 3 a(k)t*.
k=0

For a sequence {S, },., of positive numbers, we define the
growth rate by:

Definition 3. We say that {S, },., hasagrowthrate y (¥ is
a positive real number) if

oo (%32) -7

In [4] we have proved that the growth rate of all the spherical
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Artin monoids is less than 4. In [11] we showed that the
growth functions are exponential and the growth rates are
(approximately) 1.618 and 2.0868 respectively for the

monoids MB, and MB, .

2. Some Necessary Notions

All the following notions are in [1,4-7] under different names:
complete presentation, Grobner bases, presentation with
solvable ambiguities, rewriting system and so on. In the free

monoid generated by X,,..., X, the total order on the set of

generators given by X <---<X, is extended to
length-lexicographic order. A relation R is written in the
form @, =D, where &, is a monomial greater than b;. We

denote by @, (R) and Db, (R) the terms @, and by

respectively of the given relation R . Ina monoid (group), a
word containing the L.H.S. of a relation is called reducible
word and a word which does not contain the L.H.S. of a

relation is called irreducible word. We denote A by the set
of irreducible words and by B the set of reducible words. Let

us introduce some notations.
e We denote by a(i, J) = (X, X 4,...,X;),i > ] an

arbitrary irreducible word (possibly e Xiy Xigyeeor X; and

a(i,1) = a(X;), aword in the generator X;. We denote the
Ushift'of aby Za(i, J) = a(Xy,.. X)) -

olf U=UW, V =WV, are the given words, then we
denote their overlap (at W ) by

Ux, V=UWV,.

o We will use i%j°K°---
in overlapping words) when required.

a C

- foraword X; X

i - - (especially

° U*,ﬂ = set of irreducible words ending with f and
U, = setofirreducible words starting with 0.
e Suppose f=ay ad O=pyc ; then
U ,x V,,=Ux, V1 UeU,, Vev,}

3. Hilbert Series of MB; and MB

We are using the following notions: generally Ag”l] and
B! be the irreducible and reducible words respectively in

MB, ., and « is related with the prefix (beginning) of a

word and @ is related with the suffix (end) of the word. For

[n+1]

(k-1).-i denotes the set of irreducible words in

example
MB,,, starting with X, X, ---X;; BI"" denotes the set of
reducible words starting with X X, ---X; and ending with
X X,q X, . As special cases we use the following

notations: if J =* then the word will start with X, X, ;and
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In this paper we compute the Hilbert series of the braid
monoids MB; and MB, and calculate the growth rates of
the above monoids that are 2.395 and 2.6 respectively.

if j=n—21then the word will start with X X2, . Also a
[n+1]
By - All
the above sets are graded by length, so we can introduce the
Hilbert series of these sets. Let QL""(t), PI™(t) and

HIY (t) denote the Hilbert series of BI™™, A™ ang

special reducible word X, X, , X, is denoted by

A" respectively for the monoid M , where

A[n+1] z{e}H A1[n+1] HAng] H H A,En+l]. In [11] we

proved Lemma 1, 2 and 3 (using the reduced complete
presentation) and constructed a linear system for the reducible

wordsin MB, ;.
Lemma 1 [11]. The following relations hold for the reducible
words in MB

n+l-
n-1
1 2 j-1 1
1) QI =t R - S Q)

2) Q[n+1] — t3 Pr!:i;l] )

n-2,n
1] _t4pln-llpl2] 2] [2]
3) Qn—z,n—l =1 Pn—z Pl -t Q*,n—lpl '
n-1
9 Q) = i) pt = S il
j=i+1
n-1
[n] [n i+1]
_Z t/- l+2Q n ). j—i+1’
j=i
i=1,..,n—-2

Lemma 2 [11]. For k =1,...,
hold for the reducible words in MB

N — 3tthe following relations

nil-
1) QI =t P([nn_zl)] K

2) QU =tRL P -Gl P

3) Q[n+1 - L+3P(E;l 21)] N [n i+1] ) Lt lQ[”+1]
a2 l+2QkJ_ ([:—il)-t.lj]—Hl' i: 1,..,n—2.
Lemma 3 [11]. In MBn+1,

1) QU =QiY =

2) Q[n+l] —t

9 QU =QIi™,i=2,. -1

4 QY = QI +QU) and

QI =+ Q"™ for i=1...,n-1.

The linear system for the series P*[””] (corresponding to

irreducible words) was also proved in [11] in the form of the
following lemma.
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Lemma 4 [11]. The following relations hold for the
irreducible words in MB,_

1) pI™Y = piMpI 4 P[”] k=1...,n-

2) Pt =PI 4 pIl oyt

3) Pyl =PRI, P R L i=1..,n-2.
4) Pn[(n;_l%) — tP[n+l] ztj n—lQ[n+1]P[n+l].

5) P[n+1] _tP(E]ng] _ ztl n 1Q[n+1]P[n+1] '
k=1...,n—

Using the above linear systems we had calculated (see details
in [11]) the Hilbert series of MB, and MB, and their
corresponding growth rate. The outline of the Hilbert series of
MB, is given in an exampleExample 1 [11]. Note that the

Hilbert series of the set Al ={x,,%/,x,.. }is given by
PP =t+t? +t®+---=:%. The only two types of
reducible words in MB, are 87[32] =X, %X, and

B ={x,x.}x Al x{X,%}. Therefore the corresponding

Hilbert series are Q! =t%and Q[S] —1‘7 respectively.

$.2
Therefore
t
PP =—+—PF, P =t+PJ+tP and
1 1—t l t 2 2 21 2
3 3 2pl3 t3 3
PL =P~ P - L.
Solving the above equations simultaneously we get
2
Pl[s] = ! 24! I32[3] = e 2!
(1-t)(1-t—t?) 1-t—t
2
prai_ ¢
2o1-t-t?

AP =L T AP T AP Therefore the

Hilbert series of MB, is given by

As we have
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1
1-t)(1-t-t?)
=142t +4t% +7t° +12t* +20t5 4o

One can see that the coefficients a Tin the above series are

related with Fibonacci numbers
F,=LF =1F,=2,F,=3F,=5F=8,...

[3] _ [3] [31 _
Hy (=1+P7+P" = Remark 1.

by the relation al® =F,_, 1.

1 =45 26 | 54245
Remark 2. As we have o) — Tt Ts@an T e
where C, = @ and C, ‘ﬂl ; the first two terms have a

negligible contribution in apprOX|mat|ng the series, while the
last term 235 (14 ¢t +c2t? +¢3t* +---) approximates

the series. Hence al” ~ 235 (381)¢ Thys the growth

function afl of MB, is exponential and the growth rate is

NS
5 -

Similarly we had shown that
Example 2 [11]. The Hilbert series of MB, is given by

1
Hl(t) =
v () A-t)(1-2t —t2 +t3 +t* +1t°) and the

corresponding growth rate is 2.087.
The next result is a direct application of the Lemma 1, Lemma
2, Lemma 3 and Lemma 4.

Lemma 5 [12]. The Hilbert series of the braid monoid MB; is
1

(L-t)A-3t+3t3 +t* +t° —t° -t —t® —t7)°

Corollary 1 [12]. The growth rate of MB, is 2.395.

given by gl¥(t) =

Lemma 6 [12]. The Hilbert series of the braid monoid MB,
is given by
Ha () =

1
(1-t)(1-4t+2t2 4563t 53t —t7 82 110t Lt 2t 3414
Corollary 2 [12]. The growth rate of MB; is approximately

equal to 2.6.
Now we have our main result.

Theorem 2. The Hilbert series HLJ (t) of the braid monoid MB, is given by

1
(1-t)(1-5t+5t%+6t3—6t* —3t°—4t8 +-2t7 +2t8+ 3t Ot L1241 314 151617181920y *
Proof. As above, using the results of the previous lemmas (Lemma 1, Lemma 2, Lemma 3) and of Theorem 5 and Theorem 6 we

have the foIIowing coefficients of P!lin simplified form:
QI =L (@-2t—t* +° +t* +1t°).

QY =+ (1—4t+2t* +6t° —t* —3t° —5t°
Q= A (1-5t+4t* +13t° ~14t"

—2t" +2t° +3t° + 3t + ).
—16t° +8t° +15t" +10t® —5t°

—12t*°
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-8t' - m”+&”+a“+a“+ﬁ%
Q] = zbz (1-8t+21t" —8t° —50t* +55¢° +45t° ~53t" —56t° +4t° +86t™
+24t1 —56t'? —34t7 — 261 + 27t +19t"° + 7 — 6" —14t"° —7t*° + 2t*
+5t22+4t23+t24)
Q) = zqizry (-9t +28t° —21t° —63t" +115t° + 25t° ~117t" —58t° +41t° +191t™°
—10t" —145t'* —102t"° —19t'* +192t"° + 82" — 60"’ — 78t"* —66t"° + 33t*°
+20t%! +13t% +126% —10t>* +3t%° + 4t%7 4 2t % —5t*° —5t3° - 3% —t%?).
Q) =717 (110t +36t" — 40t° — 70t" +200t° —34t° — 244t " + 46t°
+164t° +208t'° —174t" — 278" — 2"+ 46t +330t"° +151t°
— 223" - 25t'° —123t" +170t*° +148t*' + 25t % +-10t*° — 42t*
—40t*° —18t% —4t*" —0t*® —3t* +16t° + 22t> +10t** -8t ™
—10t* - 8% —3t%° + 37 +4t* +3t* +t%).
=S (-2t —t? +£° +t* +1°).
1 =5 -2t -t +t" 4 2t° + 7).
1[74]_ - (-2t —2t° —t® +t" +2t° + t°).

TATCT,
1) = i (-4t +4t% 46t ~12t* —6t° +12t° +9t7 — 2" - 5t° -3t™°
— 4t - 4t12 +1° 4t 43 411
17 = oz (L-5t+6t% +1267 ~32t* —2t° + 50t° 87 — 41" ~10t° + 35t "

+32t - 27t - 34t — 7t + 0t'° +18t"° +15t" + 9" ' —9t*° —8t* — 4t ¥ —t ).
1= (1-6t+10t* +10t> — 43t* +5t° + 74t° —114t° — 36t° +151t"°

TET 15T Ty
+66t" —102t'? — 94t —10t"* + 73t™ +-58t'° + 21t"" —15t'® — 57t
—27t%° 49t 4+ 2277 +15t%° —4t** —7t?° — Tt — 37T 4 3%% 4 4t%° + 3% +t°h).

M=t @-t- 2t2+t4+t5+t6).

”1 t“ (-7 =7 =2t 4+ 2t° + 217 +1°).
g} = TTt;;T -t =3t —t* +5t° +t° +1° 7 -2t —t*?),
24 = rama (L+ 4t =567 =307 +13t" —4t° —4t° — 7t —8t° +14t° + 0™

_otl2 g1 ! _15_t16)
1 = ot (1-5t+ 7t +8t> —33t* + 25> +12t° — 31t +38t° ~12t°

T2T2T2TE
—26t"% + ' +30t™ — 6™ —14t" + 2t™ —4t'7 + 6t + 6t'° + 5t*°
+ 2t21 —5t22 _5t23 _3t24 —t25)
- (1-6t+11t% +5t> —41t* +35t° + 26t° —52t” +39t° —

21 TRTRTL TS,

13t° —63t1° + 45t + 70t + 7t —89t™* — 64t + 50t™° + 74t + 24t*®
—14t™° —35t2° — 42t — 0t %2 4+ 21t 2 + 27t* +12t*° —8t*° —10t*" —8t?®
—3t29+3t3°+4t31+3t32+t33)

Ml=t(@—t—t" —t° +t°+t° +t7).
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e =i (-2t +t1 4+ 265 —t° 17 —t° -t —t"),
[ = b (1—t—4t* + 2t° + 6t* + 2t° - 2t° —5t7 —5t° — 2t° + 267" +4t" + 3t +t7).

34 T T,

[N = & (1-5t+10t* — 7t> —14t* +32t° +t° —33t" —11t® + 16t°

3.3 T 1AL,
+20t"0 4+ 3™ —12t" — ot —10t™ —3t™° + 3t + 5t + 4t™° +1") .
1 & (1-6t+13t2 —7t> —17t* +23t° +1° +20t” —52t® —49¢t°

32 T I
+105t%° +31t** —38t*2 — 40t*% — 30t** + 32t + 8t + 2t*7 +10t*®
119 10120 4 342 4 4122 4 2128 _5t24 _ 525 _ 3426 —'[27)

0 = ot (1-7t+18t° —15t° —16t* +34t° —9t°® +12t" — 42t°

T12TZTT92T
— 23t +81t"° —3t" —11t" 31" — 24t 4 43t —27t*° —18t'7 + 411" +
26t + 7t —22t* —27t%* — 29t** —6t** + 20t*° + 25t*° +11t*" —8t*° —
O 29_8t30_3tSl 3tSZ+4t33+3t34+t35)
= (1 t—2t2 +1° +t° +t7 +t°).
}3; e (-3t +4t° + 26" —t° —3t° —2t7 - 2t° + 240 4 2™ +1%).

it = (28t +41% +151° —7t* 1267 —7t° + 217 +10t° + 7t +4t" - 2™ -5t — 37 ™).
b4 = ez (1= 4t =17 +10° —4t* —42t° + 2° + 50t +15t° — 44t°

—35t"° 4 6t* +31t*2 +15t"° — 2t™ —8t"° —13t"° —6t" + 2t"® + 5t + 4t +t*).
7 = 0 (1-6t +11t% — 4> + 2t* —12t° —34t° + 70t +33t° — 34t°

ZTTZTZ

—94t" —51t'* +153t" 469t 52t —66t"° —48t"° +35t"7 + 20t™° + 7t*°
+10t%° —8t* +t°% + 3t* + 4t* + 2t*° —5t*° —5t*" —3t*® —t*°).
=8 (1-7t+15t% +t° — 41t* +35t° +12t° —11t" + 20t° — 36t°

T2, TsTeT,
—26t"° — 40t +94t'% +130t"* —83t** —133t*° — 43t° + 77t'" + 54t —8t*° +
20t%° + 9t —16t% —15t%° —14t** — 22t*° — 6t % +17t%" + 24t +11t*° —8t*°
—10t% —8t%2 —3t* +3t* + 4t%° + 3t*° +%7),
-4

1 _ ¢
54 T T,

b1 = L-19).
[71 T @-t=2t7 4+ 1 2t 1 —t° 1),
[7] t“ -(1-2t—2t% + 43 +3t* —5t° —4t" +1° + 2t + 470+t -t 17 ).

Now we have the system for irreducible words (of Lemma 4) of 12 equations and the same number of variables P*m :

1+pL"
P =t(3).
P =t(t+1)(520).

PIT =t +t7 +° +t° 2t —t + (22T,
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PIT =t(1-2t— 2% + 27 + 2t* + 25—t 10—t 2 =) (MR

P =tP{" + PY! +t.

Ps[gzl: P5[2%21(1+ p6[7])'

PLL, =P (=34 3%+t 417 —t° 7 2 )51,

Pl =t} (1— 2t — 262 + 26 + 3t +1° —t" —t* —t* —t*)(22).

T1 4

P 31— 2t —t? +t% +1* + 2% +1° —t° —t° — 2 —t')(&2RD),

T1 4

PO o t2(1— 2t —t% +3 14+ +1° +t7 —t° — 12—t —t'2)(2R)),

T14
[ _pl7l - [71pl7] S [71pl7] -“4N[71pl7] =30 [71pl7] 20 7pl7] -10[711pl7]
P654321_ tP54321_t Q1,1 P654321_t Q1,2 P65432_t 1,3 P6543 -t Q1,4 P654 —t Q1,5 Pes —t Ql,G Pe :
[71 _pl7] -6 [71pl7] S [71pl7] -4 (71 pl7] -3 [7"1pl7] 2N [71pl7] -1n[71pl7]
P65432 —“35432_t Q2,1 P654321_t Q2,2P65432_t Q2,3P6543_t Q2,4P654 —t Q2,5P65 —t Q2,6P6

P, =tPL] —t QL R, —t QP — t* QIS PL, —t QIR —t*QIPY —t QIR

Pas =tPsy —1 Qi Pedsn—t Qi Padds,—t " Qa3Pests —t "QiaPss —t7QisRs! —t QiR

Pl =tP7 —t QIR ~t *QII P, ~t QI PEL ~t *QUIREL —t *QIIRL! ~t "QITR™.

Now solving this system for the variables the above equations simultaneously for the variables,

PI"); j =54321,5432,543,54,654321,65432,6543,654,65,6,5,4,3,2,1 we get the following results: let
T,, =1-5t+5t% +6t° —6t* —3t° —4t° +2t" + 2t° + 3"+t + "2+t + 1 -t —t*° -tV

Then we have
_tl8 19 20

71 _ ¢ [71 _ t(t+1) [71 _ (t—t3-t*—5%) [71 _ t(t®+t"+t5+t5—2t2—t+1)
Pl T TT Pz T T, P3 - To0 , P4 - To0 '

P[7] _ta-2t-2t2 42342t 4 2650 10111219
5 Tho :

P[7] _ t(A-3t—t2 456342t 45 -3t0 -3t 8 2t 1410101 T 18 4110)
6 = Tao '

P[7] _ (@33t 5T 18 19)
54321 To0 .

P[7] _tta-2t-2t2 268343t 10t -8 2 110)
5432 — Too .

P[7] B € T L A L e |
543 — T,0 :

P[7] B (o ey L L e e )
54 — To0 .

P[7] 84t 2?4583t 5 3t 7 B0 Ot e 2 ) P[7] _ P(-3tt24583 43t 5 -3t5 3t 80t Lt 2t M)
6543217 To . 65432 — T0

P[7] 4 (@-3t33 2t 1152152t 7 28 10 101213 1410416
6543 — To .

pl _ 13 (13t 4437 827 1Ot Bt 204
654 — T '

P[7] _t2(1-3t43t34+2t4 -2t 8 18 0101 L1214 15 16417 1418
65 — To0 .

Now we have Al ={e}[TA" [TA TTA TT AT T AT T ALY Therefore

Ha(t) =1+) P"1<i<6.

Substituting all the required values of the irreducible words we get the following Hilbert series of braid monoid MB. as:
Ha (1) = .

14 . 20 . )
(1—t)(l—5t+5t2+6t3—6t4—3t5—4t6+2t7+2t8+3t10+ St-> t')
i=11 i=15
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Corollary 3. The growth rate of MB, is approximately equal to 2.74.
Proof. From the approximated partial fraction (again using Mapple) of

1
(1-t)(1-5t+5t2+6t3—6t* —3t°—4t8 +-2t7 +2t8+ 3t Ot L1241 3 4141516171819

8.8136
1-2.739%

8.8136(1+2.7397t +(2.7397)°t* +(2.7397)°t% +---).

we see that the term

from the above Hilbert Series has considerable coefficients in its expansion

Therefore the growth function aE] ~8.8136(2.7397)% and hence the growth rate of MB, is approximately equal to 2.74.

At the end we are giving two conjectures about the degree of a
polynomial involved in the Hilbert series of MB,_ ., and about

the growth rate of braid monoid MB,_ .
Conjecture 1: The degree of the polynomial (other than
1-t) in the denominator of the Hilbert series of MB, ., is

n(n+1)
ol g,

Let I, be the growth rate of MB, , then we have the
following growth rates: I, =1.6, r, =2.08, r, =2.39,
I, =2.6 and I, =2.74. The following graph shows the

values of I', .

rk

3

1 k

3 4 5 6 7
Conjecture 2: The upper bound for the growth rate of the
braid monoid MB, ; is 3.
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